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We elaborate further the functional Schrodinger-picture approach to the quan-
tum eld in curved spacetimes using the generalized invariant method and con-
struct explicitly the Fock space, which we relate with the thermal eld theory.
We apply the method to a free massive scalar eld in the de Sitter spacetime,
and nd the exact quantum states, construct the Fock space, and evaluate the
two-point function and correlation function.
1 Introduction
Quantum eld theory in curved spacetimes (QFTCS) has been a hot issue revisited recently
and applied widely to cosmology. There have been two conventional canonical approaches
to QFTCS: one is based on the solution space of classical equations [1] and the other is
the functional Schrodinger-picture eld theory [2]. One may show that these two canonical
methods give the identical results in the end. The other nonconventional approach is the
semiclassical gravity, a kind of QFTCS, in which not only the quantum back reaction of
matter eld but also the quantum gravitational corrections to matter eld are considered
and has been applied successfully and usefully to cosmology, derived from the Wheeler-
DeWitt equation (see [3] for a self-consistent method and recent references). But this does
not imply that the canonical quantum gravity based on the Wheeler-DeWitt equation is
free of all the conceptual and technical problems.








succeeds indeed, there should
be some limiting procedures from quantum gravity to semiclassical gravity written formally








, in which the background gravity treated as classical is equated
with the expectation value of quantum energy-momentum tensor. It should be remarked
that regardless of approaches QFTCS is characterized by time-dependence due to the time-
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dependent metrics of spacetimes in general, that is, quantum elds are nonequilibrium or
out-of-equilibrium.
In this talk we shall elaborate the functional Schrodinger-picture approach further by uni-
fying the generalized invariant method with the functional Schrodinger-picture approach
to quantum eld theory in curved spacetimes. One of the motivations for introducing the
functional Schrodinger-picture approach was its eectiveness and usefulness in treating these
time-dependent Hamiltonian systems of elds. On the other hand, the generalized invari-
ant method has been used to nd explicitly the exact quantum states of time-dependent
Hamiltonian systems in quantum mechanics [4]. Although these two methods were intro-
duced largely for time-dependent quantum eld theory and quantum mechanical systems,
there has not been yet any attempt to combine these two approaches in particular to a eld
theoretical framework. The method introduced in this talk applies equally to not only the
conventional canonical approach in functional Schrodinger-picture but also the semiclassical
gravity from the Wheeler-DeWitt equation.
2 Functional Schrodinger Equation
To simplify the model under study, we shall consider a free massive scalar eld in a spatially












































where R is the three-curvature.  = 0 is the minimal scalar eld and  = 1=6 is the
conformal scalar eld. We decompose the scalar eld into modes by conning it into a box















sin (2n  x=l) : (3)































































The free massive scalar eld leads to the Hamiltonian which is a collection of the time-
























The Hamiltonian being mode-decomposed, the total wave function for the scalar eld is
	(














; t) for each oscillator H

(t).
3 Fock Space out of Generalized Invariant
In order to nd the exact quantum states and construct the Fock space for the Hamilto-
nian (5), we shall use the generalized invariant method and advance it to a eld theoretical
framework. The most advantageous point of the generalized invariant is the substantiation
and easiness in constructing the Fock space of exact quantum states and readiness in apply-
ing to the density operator. From the well-known result of the generalized invariant called
Lewis-Riesenfeld invariant [4], the exact quantum state of the -th oscillator's Schrodinger







































; ti ; (10)
with a time-independent eigenvalue 
n






















The most simplest way to construct the Fock space is to nd the set of the rst order















































(t) = 0; (13)

































We see the group structure SU
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(t) as a kind of formal creation and annihilation operators






























In an asymptotic region in which the mass and frequency squared tend to constant values,
the formal creation and annihilation operators corresponds to the conventional creation and
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One particular feature of the quantum states found in this paper is that the expectation
value of the Hamiltonian, the time-time component of the energy-momentum tensor, is
proportional to that of the classical one [5].
One also nds the Bogoliubov transformation between the formal creation and annihilation












































































































































































































We exploit the physical meaning of the time-dependent vacuum state j0; ti that is annihi-




(t) j0; ti = 0: (32)
Thus the vacuum state is the tensor product of each ground state
j0; ti = 


 j; 0; ti : (33)
From the Bogoliubov transformation (26) it follows that the inner product of the ground
state of each mode at two dierent times is given by
h; 0; t
0












and in the continuum limit that of the eld at two dierent times is given by
h0; t
0





















)j  1, in which the equality holds only when t = t
0
, this implies that




j0; ti = 0: (36)
Thus we obtain explicitly the innitely many unitarily inequivalent Fock representations
2
[6]. In this sense our functional Schrodinger-picture approach to quantum elds in curved
spacetimes substantiates the Fock space used in the thermal eld theory.
2
It was pointed out by F. C. Khanna and G. Vitiello that the new vacuum (33) makes sense in spite
of the time-dependence and may have a relation with the one parameter-dependent vacuum in the thermal
eld theory that leads to the innitely many unitarily inequivalent Fock space. This point suggests strongly
that our functional Schrodinger-picture approach may have a close connection with the thermal eld theory.
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The instability of the Fock space, that is the unitary inequivalence of the vacuum at any
two dierent times originated from time-dependent metrics leads to the particle creation
h0; tj
^




















Thus we recover in the functional Schrodinger-picture approach the cosmological particle
creation rst introduced by Parker [7].
4 Physical Application
We apply the results in the previous sections to a free massive scalar eld in the deSitter



































































































(t) = 0; (41)

















































































































































(t) j; 0; ti = 0; (47)
and the n





















j; 0; ti : (48)
It is worthy to note that the new vacuum state (33) constructed here for the de Sitter
spacetime is nothing but the Bunch-Davies vacuum state
3
[9].




























































































































which goes to innity due to long wavelength modes and can be regularized using the
covariant point-splitting method to give proper physical quantity [9].
3
This supports our earlier argument [8] that the ground state (33) of scalar eld may play the role of the
physical vacuum extending the Minkowski, Bunch-Davies, and Hawking vacua.
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+1)=2, which means that the adiabatic theorem
holds. But at a later stage of expansion, t!1 (z ! 0), the uncertainty relation increases




. The expectation value of the Hamiltonian









































































and the number of particles created in each mode during the evolution of eld from an
initial time t
0






































































One can show that the Bogoliubov transformation and the number of particles created
therefrom is the same as those obtained from the canonical approach based on the classical




























useful method for the particle creation and entropy production is to introduce the squeeze











In summary, we are able to construct explicitly the Fock space of quantum elds in curved
spacetimes, whose vacuum state provides the one parameter-dependent unitarily inequiv-
alent Fock representations of the thermal eld theory. Futhermore, the two-point and
correlation function, the back reaction of the energy-momentum tensor, and the particle
creation number are explicitly calculable. The eld theoretical method develpoed in this
talk can be applied equally to the nonequilibrium quantum eld theory in curved spacetimes
derived from the Wheeler-DeWitt equation, in which one is able to account self-consistently
both the quantum back reaction of matter elds and the quantum gravitational corrections
to the eld equation.
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